This article presents an alternate final solution to the deflection profile of a simply supported beam under sinusoidal load based on the theory of elasticity. It begins with a review of the same problem found in typical graduate textbooks, which ends with an elasticity solution that is valid only for moderately thick beams, and thereafter provides an alternative ending for providing a more accurate deflection profile that is valid for very thick beams. Plotted results show evidence on the deficiency of the textbook solution for very thick beams, thereby limiting its use as a verifier for the Mechanics of Materials solution. Unlike the existing simplified elasticity model, the exact model does not reduce to the Mechanics of Materials model when the Poisson's ratio of the beam material is À1. In addition to being a better verifier to the Mechanics of Materials solution, the proposed exact elasticity solution can be easily reduced to the simplified elasticity solution that is currently adopted in some graduate textbooks.
Introduction
The discipline of elasticity is both advanced undergraduate level and graduate level coursework that appears in the curriculum of mechanical and civil engineering programs, as well as in some physics and applied mathematics programs; the former taking a more applied problem solving approach. In spite of being a mature discipline, the subject of elasticity is far from being stagnant in the light of new engineering materials, particularly so with the discovery of materials with extreme and counter-intuitive properties such as negative thermal expansion materials and negative Poisson's ratio materials, the latter is also known as auxetic materials. A number of elasticity textbooks are available in the literature. This article revisits a typical worked out example for a 2D elasticity solution of a beam problem, in which the final result for the elasticity solution is limited to the case where the beam thickness is small compared to its length. By reworking on the same problem, an alternate and more general final elasticity solution is presented in a form that is easily reduced to the Mechanics of Materials solution as well as the approximate solution in some elasticity textbooks. Figure 1 shows a schematic for a simply supported beam of Young's modulus E, Poisson's ratio v, length l, and thickness 2c subjected to a sinusoidal load
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in which the displacement fields u x ðx, yÞ and u y ðx, yÞ are functions of the coordinate position ðx, yÞ of the beam. In the classical elasticity solution to this problem, [22] [23] [24] [25] the mid-plane transverse deflection of the beam is obtained as
where ¼ =l and In typical elasticity textbooks, it is assumed that l ) c, and so (see also Appendix 1)
Using equation (4) and ¼ =l, equation (2) becomes
Hence equation (5) is typically taken to be the typical ''textbook'' elasticity solution for the transverse deflection of a sinusoidally loaded beam, which can then be reduced to the Mechanics of Materials solution
by considering l ) c again such that the second term in equation (5) diminishes. The reader is referred to some literature and internet resources [22] [23] [24] [25] for a complete derivation of equation (5).
Correction
One of the purposes of Theory of Elasticity is to function as a verifier for the Mechanics of Materials approach, also known as Strength of Materials approach or simply the elementary theory; the premature assumption of l ) c that leads to equation (5) therefore disqualifies this elasticity solution as a verifier for the Mechanics of Materials deflection model of the same beam problem, except for cases where the beam thickness is very small compared to its length, as the corresponding textbooks and websites correctly state. [22] [23] [24] [25] In referring to some monographs 2, 3, 26 pertaining to the range of Poisson's ratio being À1 v 0:5 for isotropic solids, equation (5) gives a false impression that the use of auxetic materials of v ¼ À1 reduces the elasticity solution to the Mechanics of Materials solution. This interpretation is untrue, and it will be proven that the use of materials with v ¼ À1 will not reduce the deflection model by elasticity theory to that by the elementary theory.
From equation (3) and ¼ =l, we have
LimTo facilitate comparison with equations (5) and (6), it is expedient to rewrite equation (7) as
so as to show that f g ¼ 1 as c=l ! 0. Nevertheless, the form of f g furnished in equation (9) is adopted herein instead of that shown in equation (10) as the former is exact. The substitution of v ¼ À1 into equation (9) gives where the correction functions 
can be reduced to the Mechanics of Materials and the simplified elasticity models, as furnished in Table 1 . 
Pedagogical discussion
To give the students an appreciation on the exact model, the deflection profiles based on the mechanics of materials, simplified elasticity, and exact elasticity models can be plotted, preferably in the form of dimensionless deflection uE=q 0 l, as shown in Figure 2 for the typical Poisson's ratio of v ¼ 0:3, as well as at the upper and lower limits of Poisson's ratio for isotropic solids ðv ¼ 0:5, À 1Þ with c=l ¼ 0:2.
Plots of the dimensionless deflection profile are useful to show that the gaps between the three models widen and narrow when the Poisson's ratio of the beam increases and decreases, respectively. More importantly, plots of the deflection profile for the Mechanics of Materials model and the simplified elasticity model collapse into a single curve when v ¼ À1, which underestimate the extent of deflection predicted by the exact elasticity model.
Reference to equations (5), (6), and (9) shows that the ratio of elasticity's (both simplified and exact) mid-plane deflection to the Mechanics of Materials deflection model is independent from the location x. Figure 3 displays these ratios using the case of a ''thin'' beam of c=l ¼ 0:1 and a ''thick'' beam of c=l ¼ 0:2, clearly showing that the deflection by the simplified elasticity model underestimates that by the exact elasticity model, especially for thick beams. Elasticity textbooks that adopt this beam problem correctly declare upfront in their derivation that equation (5) 
Conclusions and recommendations
An exact elasticity model for the deflection of a simply supported beam under a sinusoidal load has been proposed. By ending the exact formulation for the beam deflection at equation (2) in current textbooks, students may get the impression that the exact deflection profile is not in the form that can be readily reduced to the Mechanics of Materials deflection profile unless a first l ) c assumption is made to simplify the expression of D from equation (3) to equation (4), and thereafter a second l ) c assumption is made on the simplified elasticity solution, equation (5), to recover the Mechanics of Materials solution, equation (6) . However this paper shows that it is not only possible, but also very convenient, to express the exact elasticity solution of equation (2) in the form of equation (9), which is easily reduced to both equations (5) and (6) . In a practical sense the effect from the first l ) c assumption is quantified in terms of the simplified elasticity's deflection percentage error vis-a`-vis the exact elasticity model, which stands at 5% for c=l ¼ 0:135. Unlike the current simplified elasticity model, the exact model does not reduce to the Mechanics of Materials model when v ¼ À1. Due to its convenience, it is herein proposed that the exact model be included as an accompanying worked example in future elasticity textbooks to appear alongside existing worked example in some current standard elasticity textbooks. Alternatively, this exact elasticity model can be introduced as a problem for students to work on after being exposed to the simplified elasticity model. 
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